In this paper, we prove that on every Finsler manifold (M, F) with reversibility λ and flag curvature
Introduction and Main Results
This paper is devoted to a study on closed geodesics on Finsler manifolds. Let us recall firstly the definition of the Finsler metrics. A closed curve in a Finsler manifold is a closed geodesic if it is locally the shortest path connecting any two nearby points on this curve (cf. [36] ). As usual, on any Finsler manifold M = (M, F), a closed geodesic c : S 1 = ℝ/ℤ → M is prime if it is not a multiple covering (i.e., iteration) of any other closed geodesics. Here the m-th iteration c m of c is defined by c m (t) = c(mt). The inverse curve c −1 of c is defined by c −1 (t) = c(1 − t) for t ∈ ℝ. We call two prime closed geodesics c and d distinct if there is no θ ∈ (0, 1) such that c(t) = d(t + θ) for all t ∈ ℝ. We shall omit the word distinct when we talk about more than one prime closed geodesic. On a symmetric Finsler (or Riemannian) manifold, two closed geodesics c and d are called geometrically distinct if c(S 1 ) ̸ = d(S 1 ), i.e., their image sets in M are distinct. For a closed geodesic c on (M, F), denote by P c the linearized Poincaré map of c (cf. [41, p. 143] ). Then P c ∈ Sp(2n−2) is a symplectic matrix. For any M ∈ Sp(2k), we define the elliptic height e(M) of M to be the total algebraic multiplicity of all eigenvalues of M on the unit circle = {z ∈ ℂ| : |z| = 1} in the complex plane ℂ. Since M is symplectic, e(M) is even and 0 ≤ e(M) ≤ 2k. Then c is called hyperbolic if all the eigenvalues of P c avoid , i.e., e(P c ) = 0, and elliptic if all the eigenvalues of P c are on , i.e., e(P c ) = 2(n − 1).
Following H.-B. Rademacher in [32] , the reversibility λ = λ(M, F) of a compact Finsler manifold (M, F) is defied to be λ := max{F(−X) : X ∈ TM, F(X) = 1} ≥ 1.
It was quite surprising when A. Katok [12] in 1973 found some non-symmetric Finsler metrics on CROSSs (compact rank one symmetric spaces) with only finitely many prime closed geodesics and all closed geodesics are non-degenerate and elliptic. In Katok' s examples the spheres S 2n and S 2n−1 have precisely 2n closed geodesics (cf. also [41] ).
We are aware of a number of results concerning closed geodesics on Finsler manifolds. According to the classical theorem of Lyusternik and Fet [26] from 1951, there exists at least one closed geodesic on every compact Riemannian manifold. The proof of this theorem is variational and carries over to the Finsler case. In [1] , Bangert and Long proved that on any Finsler 2-sphere (S 2 , F), there exist at least two closed geodesics. In [33] , H.-B. Rademacher studied the existence and stability of closed geodesics on positively curved Finsler manifolds. In [37] [38] [39] , Wang studied the existence and stability of closed geodesics on positively curved Finsler spheres. Duan and Long [4] and Rademacher [35] proved independently that there exist at least two closed geodesics on any bumpy Finsler n-sphere. In [5, 23] , Duan and Long proved that there exist at least two closed geodesics on any compact simply-connected Finsler 3-and 4-manifold. In [34] , Rademacher proved that there exist at least two closed geodesics on any bumpy Finsler ℂℙ 2 . In [7] , Duan, Long and Wang proved that there exist at least two closed geodesics on any compact simply-connected bumpy Finsler manifold. In [6] , Duan, Long and Wang proved that there exist at least dn(n+1) 2 non-hyperbolic closed geodesics on any compact simply-connected bumpy Finsler manifold (M, F) with H * (M; ℚ) ≅ T d,n+1 (x) and K ≥ 0. In [20] , Liu and Xiao proved that there exist at least two non-contractible closed geodesics on any bumpy Finsler ℝℙ n . In [19] , Liu, Long and Xiao proved that there exist at least two non-contractible closed geodesics on any bumpy Finsler S n /Γ, where Γ is a finite group acts on S n freely and isometrically. In [18] , Liu proved that there exist 2[ n+1 2 ] closed geodesics on any bumpy Finsler S n /Γ under a pinching condition. Ginzburg and Gurel [8] and Ginzburg, Gurel and Macarini [9] obtained some lower bounds for the number of closed geodesics on certain Finsler manifolds under some conditions on the initial index of closed geodesics.
The following are the main results in this paper: 
] closed geodesics whose linearized Poincaré map possess an eigenvalue of the form exp(πiμ) with an irrational μ provided the number of closed geodesics on (M, F) is finite. Theorem 1.5. On every Finsler 3-manifold (M, F) with reversibility λ and flag curvature K satisfying
there exist three closed geodesics. Remark 1.6. Note that on the standard Riemannian n-sphere of constant curvature 1, all geodesics are closed and their linearized Poincaré map are I 2n−2 , therefore it possess no eigenvalue of the form exp(πiμ) with an irrational μ. Thus one cannot hope that Theorems 1.4 hold for all Finsler manifolds. Note also that Y. Long and the author [24] proved the existence of two closed geodesics whose linearized Poincaré map possess an eigenvalue of the form exp(πiμ) with an irrational μ on every Finsler 2-sphere (S 2 , F) provided the number of closed geodesics is finite by a different method.
The proof of these theorems is motivated by [25] . In this paper, we use the Fadell-Rabinowitz index theory in a relative version to obtain the desired critical values of the energy functional E on the space pair (Λ, Λ 0 ), where Λ is the free loop space of M and Λ 0 is its subspace consisting of constant point curves. Then we use the method of index iteration theory of symplectic paths developed by Y. Long and his coworkers, especially the common index jump theorem to obtain the desired results. In this paper, let ℕ, ℕ 0 , ℤ, ℚ, ℝ, and ℂ denote the sets of natural integers, non-negative integers, integers, rational numbers, real numbers, and complex numbers, respectively. We use only singular homology modules with ℚ-coefficients. For an S 1 -space X, we denote by X the quotient space X/S 1 . We define the functions
Especially, φ(a) = 0 if a ∈ ℤ , and φ(a) = 1 if a ∉ ℤ .
Critical Point Theory for Closed Geodesics
In this section, we describe briefly the critical point theory for closed geodesics. On a compact Finsler manifold (M, F), we choose an auxiliary Riemannian metric. This endows the space Λ = ΛM of H 1 -maps γ : S 1 → M with a natural Riemannian Hilbert manifold structure on which the group S 1 = ℝ/ℤ acts continuously by isometries, cf. [13, Chapters 1 and 2]. This action is defined by translating the parameter, i.e., (s ⋅ γ)(t) = γ(t + s) for all γ ∈ Λ and s, t ∈ S 1 . The Finsler metric F defines an energy functional E and a length functional L on Λ by
Both functionals are invariant under the S 1 -action. By [28] , the functional E is C 1,1 on Λ and satisfies the Palais-Smale condition. Thus we can apply the deformation theorems in [3] and [27] . The critical points of E of positive energies are precisely the closed geodesics c : S 1 → M of the Finsler structure. If c ∈ Λ is a closed geodesic, then c is a regular curve, i.e.,ċ (t) ̸ = 0 for all t ∈ S 1 , and this implies that the second differential E (c) of E at c exists. As usual we define the index i(c) of c as the maximal dimension of subspaces of T c Λ on which E (c) is negative definite, and the nullity ν(c) of c so that ν(c) + 1 is the dimension of the null space of E (c).
For m ∈ ℕ we denote the m-fold iteration map ϕ m : Λ → Λ by
We also use the notation ϕ m (γ) = γ m . For a closed geodesic c, the average index is defined bŷ
If γ ∈ Λ is not constant, then the multiplicity m(γ) of γ is the order of the isotropy group {s ∈ S 1 : s ⋅ γ = γ}. If m(γ) = 1, then γ is called prime. Hence m(γ) = m if and only if there exists a prime curveγ ∈ Λ such that γ =γ m .
In this paper for κ ∈ ℝ we denote
For a closed geodesic c we set
We call a closed geodesic satisfying the isolation condition if the following holds:
Condition (Iso). For all m ∈ ℕ the orbit S 1 ⋅ c m is an isolated critical orbit of E.
Note that if the number of prime closed geodesics on a Finsler manifold is finite, then all the closed geodesics satisfy (Iso). Using singular homology with rational coefficients, we consider the following critical ℚ-module of a closed geodesic c ∈ Λ: 
where N c m is a local characteristic manifold at c m and N
Clearly the integers k j (c m ) are equal to 0 when j < 0 or j > ν(c m ) and can take only values 0 or 1 when j = 0 or j = ν(c m ). Proposition 2.2 (cf. [30, Satz 6.13] ). Let c be a prime closed geodesic on a Finsler manifold (M, F) satisfying (Iso). For any m ∈ ℕ, we have: The average Euler characteristicχ (c) of c is defined bŷ
By of [37, Remark 5.4] ,χ (c) is well-defined and is a rational number, in fact
In particular, if c m are non-degenerate for for all m ∈ ℕ, then
We have the following mean index identity for closed geodesics:
Theorem 2.5 (cf. [30, Theorem 7.9] or [37, Theorem 5.5] ). Suppose that there exist only finitely many prime closed geodesics {c j } 1≤j≤p withî (c j ) > 0 for 1 ≤ j ≤ p on (S n , F). Then the following identity holds:
As usual the Poincaré series of (X, Y) is defined by the formal power series P(X, Y) = ∑ ∞ i=0 b i t i . We need the following results on Betti numbers. . We have the following Poincaré series: (i) When n = 2k + 1 is odd,
Thus for q ∈ ℤ and l ∈ ℕ 0 , we have
(2.5) (ii) When n = 2k is even, 
We have the following version of the Morse inequality. 
.
Then there holds
Next we recall the Fadell-Rabinowitz index in a relative version due to [31] . Let X be an S 1 -space, A ⊂ X a closed S 1 -invariant subset. Note that the cup product defines a homomorphism
Then we have the following property due to [31, Section 5]: For each i ≥ 1, we define
Then we have the following:
. Suppose that there are only finitely many prime closed geodesics on (S n , F). Then each κ i is a critical value of E. If κ i = κ j for some i < j, then there are infinitely many prime closed geodesics on (S n , F).
. Suppose that there are only finitely many prime closed geodesics on (S n , F). Then for every i ∈ ℕ, there exists a closed geodesic c on (S n , F) such that
Definition 2.11. A prime closed geodesic c is (m, i)-variationally visible if there exist some m, i ∈ ℕ such that (2.7) holds for c m and κ i . We call c infinitely variationally visible if there exist infinitely many m, i ∈ ℕ such that c is (m, i)-variationally visible. We denote by V ∞ (S n , F) the set of infinitely variationally visible closed geodesics.
Theorem 2.12 (cf. [39, Theorem 2.6]). Suppose that there are only finitely many prime closed geodesics on (S n , F). Then for any c ∈ V ∞ (S n , F), we haveî
Index Iteration Theory for Closed Geodesics
In this section, we recall briefly the index theory for symplectic paths developed by Y. Long and his coworkers. All the details can be found in [22] . Then we use this theory to study the Morse indices of closed geodesics.
Let c be a closed geodesic on an orientable Finsler manifold M = (M, F). Denote the linearized Poincaré map of c by P c ∈ Sp(2n − 2). Then P c is a symplectic matrix. Note that the index iteration formulae in [21] of 2000 (cf. [22, Chapter 8] ) work for Morse indices of iterated closed geodesics (cf. [16] , [22, Chapter 12] ). Since every closed geodesic on M is orientable. Then by [17, Theorem 1.1] of C. Liu (cf. also [40] ), the initial Morse index of a closed geodesic c on M coincides with the index of a corresponding symplectic path introduced by C. Conley, E. Zehnder, and Y. Long in 1984-1990 (cf. [22] ).
As usual, the symplectic group Sp(2n) is defined by
whose topology is induced from that of ℝ 4n 2 . For τ > 0 we are interested in paths in Sp(2n):
which is equipped with the topology induced from that of Sp(2n). The following real function was introduced in [21] :
Thus for any ω ∈ the following codimension-1 hypersurface in Sp(2n) is defined in [21] :
For any M ∈ Sp(2n) 0 ω , we define a co-orientation of Sp(2n) 0 ω at M by the positive direction d dt Me tϵJ | t=0 of the path Me tϵJ with 0 ≤ t ≤ 1 and ϵ > 0 being sufficiently small. Let
For any two continuous arcs ξ and η :
Given any two 2m k × 2m k matrices of square block form
with k = 1, 2, as in [22] , the ⬦-product of M 1 and M 2 is defined by the following 2(
Denote by M ⬦k the k-fold ⬦-product M ⬦ ⋅ ⋅ ⋅ ⬦ M. Note that the ⬦-product of any two symplectic matrices is symplectic. For any two paths γ j ∈ P τ (2n j ) with j = 0 and 1, let
A special path ξ n is defined by
Definition 3.1 (cf. [21, 22] ). For any ω ∈ and M ∈ Sp(2n), define
For any τ > 0 and γ ∈ P τ (2n), define ν ω (γ) = ν ω (γ(τ)).
where the right-hand side of (3.1) is the usual homotopy intersection number, and the orientation of γ * ξ n is its positive time direction under homotopy with fixed end points.
If γ ∈ P 0 τ,ω (2n), we let F(γ) be the set of all open neighborhoods of γ in P τ (2n), and define
Then
is called the index function of γ at ω.
For any symplectic path γ ∈ P τ (2n) and m ∈ ℕ, we define its m-th iteration γ m :
We still denote the extended path on [0, +∞) by γ.
Definition 3.2 (cf. [21, 22] ). For any γ ∈ P τ (2n), we define
The mean indexî (γ, m) per mτ for m ∈ ℕ is defined bŷ
For any M ∈ Sp(2n) and ω ∈ , the splitting numbers S ± M (ω) of M at ω are defined by
For a given path γ ∈ P τ (2n) we consider to deform it to a new path η in P τ (2n) so that
and that (i 1 (η m ), ν 1 (η m )) is easy enough to compute. This leads to finding homotopies
starting from γ in P τ (2n) and keeping the end points of the homotopy always stay in a certain suitably chosen maximal subset of Sp(2n) so that (3.3) always holds. In fact, this set was first discovered in [21] as the path connected component Ω 0 (M) containing M = γ(τ) of the set
Here Ω 0 (M) is called the homotopy component of M in Sp(2n).
In [21] and [22] , the following symplectic matrices were introduced as basic normal forms:
Splitting numbers possess the following properties: 
For any M i ∈ Sp(2n i ) with i = 0 and 1, there holds
The following theorem contains the precise index iteration formulae for symplectic paths, which is due to Y. Long 
where the N 2 (ω j , u j ) are non-trivial and the N 2 (λ j , v j ) are trivial basic normal forms; σ(M 0 ) ∩ U = 0; p − , p 0 , p + , q − , q 0 , q + , r, r * and r 0 are non-negative integers; ω j = e √−1α j , λ j = e √−1β j ; θ j , α j , β j ∈ (0, π) ∪ (π, 2π); these integers and real numbers are uniquely determined by γ(τ). Then using the functions defined in (1.1),
We have i(γ, 1) is odd if f(1) = N 1 (1, 1), I 2 , N 1 (−1, 1) , −I 2 , N 1 (−1, −1) and R(θ); i(γ, 1) is even if f(1) = N 1 (1, −1) and N 2 (ω, b); i(γ, 1) can be any integer if σ(f(1)) ∩ = 0.
We have the following properties in the index iteration theory. 
where e(M) is the total algebraic multiplicity of all eigenvalues of M on the unit circle in the complex plane ℂ.
The following is the common index jump theorem of Y. Long and C. Zhu. 
for every k = 1, . . . , q. Moreover, we have
whenever e √−1θ ∈ σ(M k ) and δ can be chosen as small as we want (cf. [25, (4. 43)]).
More precisely, by [25, (4.10) and (4.40) ], we have
where χ k = 0 or 1 for 1 ≤ k ≤ q and Mθ π ∈ ℤ whenever e √−1θ ∈ σ(M k ) and θ π ∈ ℚ for some 1 ≤ k ≤ q. Furthermore, given M 0 ∈ ℕ, by [25, proof of Theorem 4.1], we may further require M 0 | T (since the closure of the set {{Tv} : T ∈ ℕ, M 0 |T} is still a closed additive subgroup of h for some h ∈ ℕ, where we use notations as [25, (4.21) ]. Then we can use [25, proof of Step 2 in Theorem 4.1] to get T). In fact, let
, . . . , 1
Mî (γ q , 1)
, 
Define ψ(x) = 0 when x ≥ 0 and ψ(x) = 1 when x < 0. Then for any a = (a 1 , . . . , a h ) ∈ A(V), the vector χ = (ψ(a 1 ), . . . , ψ(a h )) makes (3.16) hold for infinitely many T ∈ ℕ.
Theorem 3.9 (cf. [25, Theorem 4.2] ). We have the following properties for A(v):
is obtained from V by deleting all the coordinate hyperplanes with dimension strictly smaller than dim V from V.
Proof of the Main Theorems
In this section, we give the proofs of the main theorems. In the rest of this paper, we assume the following:
Assumption (F). There are only finitely many prime closed geodesics {c j } 1≤j≤p on (M, F).
Let π :M → M be the universal covering space of M andF = π * F. Then (M,F ) is a Finsler manifold that is locally isometric to (M, F). Thus the flag curvature K of (M,F ) satisfies ( λ λ+1 ) 2 < K ≤ 1 by assumption. Hence by [32] ,M is homeomorphic to S n .
For each prime closed geodesic c j on (M, F), clearly there exists a minimal α j ∈ ℕ such that c α j j lifts to a prime closed geodesic on (M,F ). Denote by {c j,1 , . . . ,c j,n j } the lifts of c α j j for some n j ∈ ℕ such that thec j l are pairwise distinct for 1 ≤ l ≤ n j . For each l ∈ {2, . . . , n j }, there is a covering transformation h :M →M such that h(c j,l ) =c j,1 . By the definition ofF , h is an isometry on (M,F ). Therefore h preserves the energy functional, i.e., E(γ) = E(h(γ)) for any γ ∈ ΛM. In particular, we have i(c m j,l ) = i(c m j,1 ), ν(c m j,l ) = ν(c m j,1 ), C q (E,c m j,l ) ≅ C q (E,c m j,1 ) for all m ∈ ℕ, q ∈ ℤ, 2 ≤ l ≤ n j . 
Here the last inequality holds by (4.2) and the fact that e(Pc j,l ) ≤ 2(n − 1). Note that we haveî (c j,l ) > n − 1 such that
for 1 ≤ j ≤ p and 1 ≤ l ≤ n j . Moreover, m j θ π ∈ ℤ, whenever e √−1θ ∈ σ(Pc j,l ) and θ π ∈ ℚ. In fact, the m > 1 cases in (4.6) and (4.7) follow from (4.3), other parts follow from Theorem 3.7 directly. More precisely, by Theorem 3.7,
where χ j = 0 or 1 for 1 ≤ j ≤ p and M ∈ ℕ such that Mθ π ∈ ℤ, whenever e √−1θ ∈ σ(Pc j,l ) and θ π ∈ ℚ for some 1 ≤ j ≤ p.
By Theorem 3.5, there exists a path f j ∈ C([0, 1], Ω 0 (Pc j,l )) such that f j (0) = Pc j,l and
for some non-negative integers p j,− , p j,0 , p j,+ , and some symplectic matrix G j satisfying 1 ̸ ∈ σ(G j ). By (4.9) and Lemma 3.4 we obtain for 1 ≤ j ≤ p and 1 ≤ l ≤ n j . In order to prove Theorem 1.2, we need the following: .
Proof. We prove by contradiction, i.e., suppose that 
In fact, by definition, the right-hand side of (4.27) is
By (4.15)-(4.18) and Proposition 2.1, we have 
This proves Claim 2.
In order to prove the lemma, we consider the following two cases according to the parity of n.
Case 1: n = 2k + 1 is odd. In this case, we have by (2.4) ,
By Theorem 3.7 we may further assume N = mk for some m ∈ ℕ. Thus by (4.23), (4.27) and (4.28), we have
On the other hand, we have by (2.5)
In fact, we cut off the sequence {b 2k+2 , . . . , b 2mk+2k } into m pieces, each of them contains k terms. Moreover, each piece contains 1 for k − 1 times and 2 for one time. Thus (4.29) holds. Now by Theorem 2.7 and (4.29), we have
This contradiction yields the lemma for n being odd.
Case 2: n = 2k is even. In this case, we have by (2.4),
As in Case 1, we may assume N = m(2k − 1) for some m ∈ ℕ. Thus by (4.23), (4.27) and (4.30), we have
On the other hand, we have by (2.6) 
This contradiction yields the lemma for n being even.
We will use the following theorem of N. Hingston. Note that the proof of Hingston's theorem does not use the special properties of Riemannian metric, hence it holds for Finsler metric as well. 
Then (M, F) has infinitely many prime closed geodesics.
Note that in (4.34), we have used the Shifting theorem in [10] . Especially, (4.34) means that c is a local maximum in the local characteristic manifold N c at c.
The closed geodesicc j 0 ,l found in Lemma 4.1 satisfy the following: (i) e(Pc j 0 ,l ) = 2n − 2, i.e.,c j 0 ,l is elliptic.
(ii) Pc j 0 ,l does not contain N 1 (1, 1) , N 1 (−1, −1) and non-trivial N 2 (ω, b).
Hencec T(c j 0 ,l ) j 0 ,l is a local maximum of the energy functional in the local characteristic manifold atc By (i)-(iii) and the assumption, P g l can be connected in Ω 0 (P g l ) to I 2p 0 ⬦ N 1 (1, −1) ⬦p + with p 0 + p + = n − 1 as in Theorem 3.5. In fact, by (i)-(iii) and the assumption, the basic normal form decomposition (3.4) in Theorem 3.5 becomes
together with θ j π ∈ ℚ for 1 ≤ j ≤ r, β j π ∈ ℚ for 1 ≤ j ≤ r 0 and p 0 + p + + q − + q 0 + r + 2r 0 = n − 1. By Proposition 2.3, we have 1 2π T(c j 0 ,l )θ j ∈ ℤ, 1 2π T(c j 0 ,l )β j ∈ ℤ and 2 | T(c j 0 ,l ) whenever −1 ∈ σ(Pc j 0 ,l ). Hence we obtain R(θ j ) T(c j 0 ,l ) = I 2 , N 2 (λ j , v j ) T(c j 0 ,l ) can be connected within Ω 0 (N 2 (λ j , v j ) T(c j 0 ,l ) ) to N 1 (1, −1) ⬦2 and (−I 2 ) T(c j 0 ,l ) = I 2 , and N 1 (−1, 1) T(c j 0 ,l ) can be connected within Ω 0 (N 1 (−1, 1) T(c j 0 ,l ) ) to N 1 (1, −1) whenever −1 ∈ σ(Pc j 0 ,l ). Thus p 0 = p 0 + q 0 + r and p + = p + + q − + 2r 0 and then P g l behaves as claimed. Now by Theorem 3.5, we have i(g m l ) = m(i(g l ) + p 0 ) − p 0 , ν(g m l ) ≡ 2p 0 + p + for all m ∈ ℕ.
Hence i(g m l ) + ν(g m l ) = m(i(g l ) + p 0 ) + p 0 + p + for all m ∈ ℕ.
On the other hand m(i(g l ) + ν(g l )) − (n − 1)(m − 1) = m(i(g l ) + 2p 0 + p + ) − (p 0 + p + )(m − 1)
= m(i(g l ) + p 0 ) + p 0 + p + for all m ∈ ℕ.
By (iv), we have
Hence we can use Theorem 4.2 to obtain infinitely many prime closed geodesics, which contradicts Assumption (F). This completes the proof of Lemma 4.3.
Lemma 4.4.
There exists no closed geodesic g on (M,F ) such that P g = N 1 (1, −1) ⬦(n−1) and k ν(g) (g) ̸ = 0.
Proof. By the proof of Lemma 4.3, we can use Theorem 4.2 to obtain infinitely many prime closed geodesics, which contradicts Assumption (F).
Proof of Theorem 1.2. By Lemma 2.10, for every i ∈ ℕ, there exist some m(i), j(i) ∈ ℕ such that
and by Section 2, we have dim(z) = n + 1.
Claim 1.
We have the following:
In fact, we have
for 1 ≤ j ≤ p, 1 ≤ l ≤ n j and m ̸ = 2m j by (4.13), (4.14) and Proposition 2.1. Thus in order to satisfy (4.37), we must have m(i) = 2m j(i) .
By Thusc j(α),l ̸ =c j(β),k for 1 ≤ l ≤ n j(α) and 1 ≤ k ≤ n j (β) . Therefore there are
closed geodesics on (M, F). By a permutation of {1, . . . , p}, we may denote these closed geodesics by
Suppose the contrary; then by (4.3), (4.6), (4.10) and Proposition 2.1, we have
Pc j,l = N 1 (1, −1) ⬦(n−1) together with i(c j,l ) = n − 1 for some 1 ≤ j ≤ p. Thus by Proposition 2.3, we have k ν(c j,l ) (c j,l ) ̸ = 0.
Hence we can use Lemma 4.4 to obtain infinitely many prime closed geodesics, which contradicts Assumption (F). This proves Claim 2. Thus by Claim 2, (4.14) and Proposition 2.1, for n being odd and 2i + dim(z) − 2 = 2N we have
thus we have one more closed geodesic on (M, F) by Lemma 2.9. Hence we have [ n+1 2 ] − 1 closed geodesics on (M, F). We may denote these closed geodesics by {c 1 , . . . , c Firstly we prove the following:
As in the proof of Theorem 1.2, for any N chosen in (4.11)-(4.14) fixed and 2i + dim(z) − 2 ∈ [2N, 2N + n − 1), there exist some 1 ≤ j(i) ≤ p such thatc j(i) is (2m j(i) , i)-variationally visible by (4.37), (4.38) and (4.40) . Moreover, if i 1 ̸ = i 2 , then we must have j(i 1 ) ̸ = j(i 2 ) by (4.39), (4.40) and Lemma 2.9. Hence the map
is injective. We remark here that if there are more that one c j satisfy (4.37), we take any one of it. Since we have infinitely many N satisfying (4.11)-(4.14) and the number of prime closed geodesics is finite, Claim 1 must hold. We prove the claim as the following: By Theorem 3.7, we can obtain infinitely many N in (4.11)-(4.14) satisfying the further properties N Mî (c j,l ) ∈ ℕ and χ j = 0 ifî (c j,l ) ∈ ℚ. On the other hand, by (4.43), we have
Thus by (4.37), (4.38), (4.40) and Lemma 2.9, we have
Note that we have the relations
for any closed geodesicc on (M,F ). Hence we have
This contradicts (4.45) and then we must haveî (c j k 1 ,l ) ∈ ℝ \ ℚ orî (c j k 2 ,l ) ∈ ℝ \ ℚ. Hence there is at most one 1 ≤ k ≤ [ n− 1 2 ] such thatî (c j k ,l ) ∈ ℚ, i.e., there are at least [ n−1 2 ] − 1 ones possessing irrational average indices. This proves Claim 2.
Suppose that c j k is any closed geodesic found in Claim 2; then we haveî (c j k ,l ) ∈ ℝ \ ℚ. Therefore by Theorem 3.5, the linearized Poincaré map Pc j k ,l ofc j k ,l must contain a term R(θ) with θ π ∉ ℚ. By Lemma 4.3, the closed geodesicc j 0 ,l also has this property. Moreover, we have c j 0 ∉ {c j k } 1≤k≤[ n− 1 2 ] as in the proof of Theorem 1.2. Thus Theorem 1.4 is true.
Proof of Theorem 1.5. We prove the theorem by contradiction, i.e., we assume that there are exactly two closed geodesics c 1 and c 2 on (M, F) by Theorem 1.2.
Step 1. We can write
46)
with θ j π ∉ ℚ and M j ∈ Sp(2).
By Lemma 4.3, we may assume that Pc 1,l contains a term R(θ 1 ) with θ 1 π ∉ ℚ. and k
Thus in order to prove Step 1, we only need to prove (4.46) for j = 2. By Theorem 3.5, we havê
for some p − , p 0 , r ∈ ℕ 0 . By Lemma 4.3, we have r ≥ 1 and then
and
where we use notations as in Theorem 3.7, i.e., α 1,1 = θ 1 π . We have the following three cases. ,
Thus if N Mî (c 1,l ) = K + μ for some K ∈ ℤ and μ ∈ (−1, 1), we have
Note that by the choice of M, we have M∆ ∈ ℤ, therefore by (3.15) and (3.16) , we have
Thus either (χ 1 , χ 1,1 ) = (1, 0) or (χ 1 , χ 1,1 ) = (0, 1) holds. By [25, (4.16) and (4.17)], we have
In fact, we have 
where we have used the fact that α 1,1 = θ 1 π ∈ (0, 2). Choosing ϵ ∈ (0, 1 2M+1 min{ θ 1 2π , 1 − θ 1 2π }), by Theorem 3.5, we have
where p − , p 0 , q 0 , q + ∈ ℕ 0 , r ∈ ℕ, ϕ 1 = θ 1 and ϕ 2 2π ∈ (0, 1) ∩ ℚ, m 1 ϕ 2 π ∈ ℤ whenever r = 2. Hence by Theo-rems 3.7-3.9, we can choose another N ∈ ℕ and 
Hence the closed geodesic found in Lemma 4.1 for N must bec 2,l by Proposition 2.1, and then Step 1 holds in this case by Lemma 4.3.
Case 1.2:
We have ∆ ∉ ℚ andî (c 1,l ) ∈ ℚ. In this case we have Pc 1,l = R(ϕ 1 ) ⬦ R(ϕ 2 ) with ϕ i π ∉ ℚ for i = 1, 2 and ϕ 1 = θ 1 . Note that χ 1 = 0 and { N Mî (c 1,l ) } = 0 by Theorem 3.7. Let α 1,i = ϕ i π . Therefore we have
As in Case 1.1, we have by (3.11), (4.36) and Theorem 3.5,
This implies
and then {m 1 α 1,i } < ϵ for i = 1, 2 must hold. As in Case 1.1, we can choose another N ∈ ℕ with m i as defined in (4.48) such that {m 1 α 1,i } > 1 − ϵ for i = 1, 2. By (4.49), we have
Hence the closed geodesic found in Lemma 4.1 for N must bec 2,l , and then Step 1 holds in this case by Lemma 4.3.
Case 1.3:
We have ∆ ∉ ℚ andî (c 1,l ) ∉ ℚ. In this case Pc 1,l = R(ϕ 1 ) ⬦ R(ϕ 2 ) with ϕ i π ∉ ℚ for i = 1, 2 and ϕ 1 = θ 1 . By Theorem 3.5, we have T(c 1,l ) = 1 and then
by Proposition 2.1. By Theorem 2.5,
Thus we haveî (c 2,l ) ∉ ℚ also byî (c 1,l ) ∉ ℚ and (4.50), and then Step 1 is true in his case by Theorem 3.5.
Step 2. We have Note that by Theorem 3.5, the matrix I 2 and N 1 (1, 1) have the same index iteration formula (3.5) and can be viewed as R(θ) with θ = 2π. Although I 2 and N 1 (1, 1) have different nullity iteration formula (3.6), the discussion below for I 2 works also for N 1 (1, 1) . Thus in order to shorten the length of the paper, we will not discuss N 1 (1, 1) separately. Similarly the matrix −I 2 and N 1 (−1, 1) have the same index iteration formula (3.5) and can be viewed as R(θ) with θ = π. With this point of view, we have the following classification by Theorem 3.5:
)) for all m ∈ ℕ, and i(c j,l ) ∈ 2ℕ 0 . If This contradicts (4.52) by Proposition 2.1. Hence this case cannot appear also. In particular, we have M 2 = b 2 = 1, therefore there must be a prime closed geodesicc α,l on (M,F ) such that i(c α,l ) = 2, k 0 (c α,l ) = 1 (4.56)
for some α ∈ {1, 2}. In fact, M 2 = 1 implies there exist some α ∈ {1, 2} and m ∈ ℕ such that C 2 (E,c m α,l ) = 1. Thus by (4.2) and Proposition 2. This implies that n 1 = 1.
Step 3. We have n 2 = 1 providedc 1,l belongs to Cases 1.1 or 1.2 in Step 1.
In fact, by Cases 1.1 and 1.2, we can find (N , m 1 , m 2 ) such that i(c Step 4. We have n 2 = 1 providedc 1,l belongs to Case 1.3 in Step 1. In fact, we have Pc 1,l = R(ϕ 1 ) ⬦ R(ϕ 2 ) with ϕ i π ∉ ℚ for i = 1, 2. By (4.3) and (4.6), if i(c 1,l ) > 2, then (4.58) holds. Thus it remains to consider the case i(c 1,l ) = 2. By [33, Lemma 2] and Theorem 3.5, we havê i(c 1,l ) = i(c 1,l 
(4.59)
Plugging i(c 1,l ) = 2 into (4.59) yields
Thus we may assume without loss of generality that ϕ 1 ∈ (π, 2π). By Theorem 3.5 we have i(c m 1,l ) = m(i(c 1,l ) − 2) + 2 In order to satisfy (4.62), it is sufficient to choose
where δ is given by (3.14) . This proves (4.58). Thus by (4.11), (4.14), (4.52), (4.58) and Proposition 2.1, we have C 2N−2 (E,c 
